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Figure 3. The propagator at the defect s = 8, at both boundaries of the waveguide, s = 4 and s = 12, 
with source at the defect as a function of t with x = 4. The fermion retains its mass and chirality across 
the whole support. Notice, the propagator at the waveguide boundaries is also very small. 



chiral mode, just as one expects with Kaplan's 
fermions (Fig 4). 
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Figure 4. The propagator at the waveguide 
boundary s = 12 with source at the boundary 
as a function oft with x = 4. Both chiralities are 
excited, but the effective mass is heavy. 



5. CONCLUSION 

We proposed a way to add dynamical gauge 
fields to Kaplan's fermions. We were able to pro- 
duce the correct 2d pure gauge dynamics with our 
system, and the propagators measured with the 
dynamical gauge fields retained their chiral na- 
ture. We found no evidence for mirror fermion 



formation. The off-defect fermions had a mass 
twice that of the chiral mode. Also we were able 
to produce the correct anomaly with an external 
field using Jansen's method. This work was sup- 
ported by the U.S. Department of Energy grant 
number DE-FG02-8SER40213. 
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of the 3d system gives the exact 2d U(l) gauge 
theory resuh[3] for the plaquette on the defect. 
The resuh is shown in Fig. 1. 

4. FERMION PROPAGATORS 

Jansen showed that the correct 2d anomaly is 
produced if the gauge field is made constant in 
the s-direction [9]. The field was a plane wave in 
the "physical" x and t directions. However, this 
way the gauge field is not confined to the defect. 

In practice the support(extent) of the chiral 
mode can be as wide as 6 lattice spacings in 
the s-direction. In order to produce the correct 
anomaly the gauge field cannot change in the s- 
direction across the support of the fermion. This 
would mean that the different slices of the same 
fermion are affected by different gauge fields, 
which is not desirable. 

Because our method produces the gauge field 
exactly confined at the defect it must be widened 
to cover the whole support of the fermion. This 
can be achieved by using a coarser lattice for the 
gauge fields in the s-direction. We only need a 
finer grid at the defect. The x and t direction dy- 
namical gauge fields at the defect plane are copied 
to the right and left finer grid of fermions. The 
lattice structure is shown in Fig. 2. The alter- 
native - to reduce the support of the fermions 
- does not work, since there is an upper limit 
for the off-defect fermion mass (in lattice units) 
for chiral modes. The currents using a coarse 
lattice for the gauge fields produce the correct 
anomaly with smooth external gauge fields. The 
Goldstone-Wilczeck fermion current in the s — t 
plane with a smooth external gauge field fiows out 
of the defect s = 8 to s = 12. (Fig. 2). No current 
fiows to smaller s values. The correct anomaly is 
produced when summed over the support of the 
chiral mode. 

The fermion propagator G is a 2 by 2-matrix 



-i'4'*R'4'L, -iil>*Ril>R 

ill>lll>L,ill>li>R 



(5) 



For right handed chiral modes only the upper 
right corner is non-zero, for left handed only 
the lower left. We measured G by inverting the 
fermion matrix on 100 dynamical gauge configu- 



t,x 

8 



s=12 

Figure 2. The lattice structure and chiral current. 
The links between s = 4 and s = 12 inherit the 
gauge fields from s = 8. The arrows show the 
current with an external gauge field. 



rations with [3 = 2.5, k = for s = 8, and k = 80 
elsewhere. The picture is qualitatively the same 
as with free Kaplan fermions. The chirality is pre- 
served even in the presence of dynamical gauge 
fields. 

Recently a similar attempt was made by [10]. 
They restricted the gauge fields to a waveguide 
by hand and coupled them to Higgs fields at the 
boundary to preserve 3d gauge invariance. They 
observed mirrorfermions forming at the bound- 
ary of the waveguide. These destroyed the chiral 
structure of the propagator. Their calculations 
used only external gauge fields. 

We measured the propagator off the defect. 
Whether the chiral defect fermion is coupled to 
fermions of the opposite chirality can be checked 
by measuring the propagator off the defect, when 
the source is set at the defect. If the formation of 
mirror fermions were a problem with dynamical 
gauge fields we would see the component of the 
opposite chirality soar at the waveguide bound- 
ary. In our simulations G retains its chiral char- 
acter throughout the waveguide. It is displayed 
in Fig. 3. The dynamical gauge fields do not cou- 
ple the opposite chirality fermion fields. By set- 
ting the source at the waveguide, we excite both 
chiralities, but with a mass two times the purely 
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values perpendicular to the s direction. Then, the 
coupling (jf(j can be thought as being rescaled to 
the a field itself and can be omitted in what fol- 
lows. 

For the fermions this produces Kaplan's chiral 
fermions at the interface with the a field as the 
mass defect. For the gauge fields the a field gener- 
ates the spontaneous symmetry breaking poten- 
tial for the Higgs fields that render the photons 
massive outside the defect. 

3. GAUGE DYNAMICS 

The Higgs field can be rotated to the real 
axis by a gauge transformation which leaves the 
discretized action S corresponding to the Higgs 
gauge sector of Lagrangian Eq. (1) in the simple 
form 

S = k(s) cos(Qaij) + /3 cos(ap). (2) 

(is) P 

It describes a dynamical gauge field with explicit 
gauge symmetry breaking field. Here (ij) denotes 
links connecting site i to nearest neighbors j and 
Q is the charge of the Higgs field. With our lattice 
size, 16 X 8^, the defect was set at s = 8. At the 
defect the hopping parameter of the Higgs field 
k(s = 8) = 0. 

In the broken phase, with large k values, a 
Higgs field with charge Q = 2 restricts the 
gauge fields to a Z'j gauge symmetry, where only 
ai(n) = or TT are allowed[6-8]. 

Consider a system that has a domain wall be- 
tween the a = and a = tt vacua. This do- 
main wall can be forced onto the system by using 
twisted boundary conditions for the gauge fields. 
The domain wall is dynamically pinned to the 
mass defect. 

The simulations are further simplified by not 
treating the s-direction gauge fields dynamically, 
which are fixed to zero [5]. In the limit k ^ co, 
this amounts to fixing the remaining Z'j gauge 
symmetry. This also stabilizes the domain wall 
to the defect. 

At the defect, we can split the action S into 
two terms, the plaquettes lying in the plane of the 
defect (the 2d gauge action) and the plaquettes 



lying out of the plane: 

2d 

Ss=8 = /5 X] cos(ap) -I- cos{aij -|- 0) -|- 

P ij 

2d 

cos(aij + it)) = l3 cos(ap), (3) 
ij p 

where it is assumed the links are frozen to a = 
on the left of the defect and to a = tt on the 
right. The unwanted plaquettes in the s direction 
cancel! The effect of the boundary condition is to 
decouple the 2d gauge invariant system from the 
higher dimensional space in which it is embedded. 

What about gauge invariance? The 3d gauge 
symmetry is broken. Consider a transformation, 
in which the links a^(n) on the defect transform 
like 

{a^in) a^in) + 9(n) - 9(n + x) 
at(n) ^ at(n) + 9(n) -9(n + i) , (4) 
as{n) = ^ C(s{n) = 

where the 9(n) live at the sites n of the defect. 
This is not a symmetry of the action, since it 
changes the values of plaquettes lying out of the 
defect. But, since these plaquettes cancel ea- 
chother, it turns into a 2d gauge symmetry at 
the defect. This dynamically generated 2d gauge 
symmetry is the crucial point that allows us to 
circumvent the no-go theorem. Our simulation [4] 
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Figure 1. The plaquette on the 4^ x 16 lattice as 
a function of /3. The solid curve is the exact 2d 
result. 
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Adding Gauge Fields to Kaplan's Fermions 

T. Blum and Leo Karkkainen 

Department of Physics, University of Arizona 
Building 81, Tucson, AZ 85721, USA 

We experiment with adding dynamical gauge field to Kaplan (defect) fermions. In the case of U(l) gauge 
theory we use an inhomogenous Higgs mechanism to restrict the 3d gauge dynamics to a planar 2d defect. In 
our simulations the 3d theory produce the correct 2d gauge dynamics. We measure fermion propagators with 
dynamical gauge fields. They posses the correct chiral structure. The fermions at the boundary of the support of 
the gauge field (waveguide) are non-chiral, and have a mass two times heavier than the chiral modes. Moreover, 
these modes cannot be excited by a source at the defect; implying that they are dynamically decoupled. We have 
also checked that the anomaly relation is fuUfiUed for the case of a smooth external gauge field. 



1. INTRODUCTION 

It is difficult to implement chiral fermions on 
the lattice. The Nielsen-Ninomiya theorem for- 
bids a local, hermitian and translation-invariant 
action for chiral fermions [1]. A possible way 
to circumvent this was proposed by Kaplan [2]. 
By considering the even d-dimensional theory as 
a low energy limit of an odd d-|-l-dimensional 
vector like theory at a given mass defect, he 
showed that the free theory could be rendered 
d-dimensional and chiral. 

We propose to restrict the gauge fields with a 
similar mechanism: by adding a Higgs doublet to 
the theory with an inhomogenous mass term, the 
gauge symmetry is spontaneously broken outside 
the defect, which confines the lower dimensional 
gauge fields to the defect. The fermions were al- 
ready confined by their own inhomogenous mass 
term. 

As a proof of concept we perform simulations of 
pure U(l) gauge theory with a Higgs doublet in 3 
dimensions and show the U(l) fields are confined 
to a 2d plane. By carefully choosing the type of 
the defect and the Higgs field we show by means of 
MC simulation that the coupled Higgs-gauge sys- 
tem produces the correct 2d (analytically known 
[3]) U(l)-gauge model at the defect [4]. Further- 
more, we show that in the presence of these gauge 
fields the fermions retain their chiral nature. 



2. PROPOSAL 

We begin with the continuum Lagrangian den- 
sity for electrodynamics with scalar and fermion 
fields: 

+D^^*D>'^ + F^,F>'" + i,{^>'D^ + a)^, {I) 

with 4> a charged scalar (Higgs field), tp a Dirac 
fermion and a a neutral scalar with coupling g„. 
rriH is the Higgs mass and go its self-coupling. 
Here, —u'^ is essentially a negative mass term 
for the Higgs field. The a field couples to the 
Fermions and to the Higgs field. It can be sponta- 
neously broken to positive or negative values. In 
particular, it is possible to create a rf-dimensional 
domain wall between differently ordered volumes 
of the d-|-l-dimensional space. At a place where < 
(T > changes sign, Kaplan's inhomogeneous mass 
term is formed dynamically. If we let a ±cxd 
outside the defect (cr = defines the defect) then 
4> acquires a vacuum expectation value and the 
photon becomes massive. If rriH is also very large 
(but mu'^ < g„(j'^), then on the defect the Higgs 
field decouples and we are left with an interacting 
gauge theory of chiral fermions. The fermionic 
part of the model is due to Kaplan [2]. 

Following Kaplan, we name the coordinates 
{s,x,t), where s denotes the extra dimension. For 
simplicity, the a field is fixed in the form of a pla- 
nar order-order interface from positive to negative 



